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 Background: U(2)-QSP 

Original QSP:

Generalized QSP:

In generalized QSP, there exists 𝑅𝑅1,⋯ ,𝑅𝑅𝐿𝐿 ∈ 𝑈𝑈 2
such that the circuit implelements the transfrm:

𝑓𝑓(𝑈𝑈) ∗
∗ ∗

if and only if:
• 𝑓𝑓 is a polynomial, deg(𝑓𝑓)≤#Calls to 𝑈𝑈;
• 𝑓𝑓 𝑧𝑧 ≤ 1 for all |𝑧𝑧| = 1.

Example applications:
• Fixed-point Search: 𝑓𝑓 𝑥𝑥 ~sgn(𝑥𝑥);
• Linear System Solver: 𝑓𝑓 𝑥𝑥 ~1/𝑥𝑥;
• Hamiltonian Simulation: 𝑓𝑓 𝑥𝑥 ~𝑒𝑒−𝑖𝑖𝑖𝑖𝑖𝑖.

Complexity of using polynomial to approach 
analytic function: 𝑑𝑑 = 𝑂𝑂(log 1

𝜖𝜖
)

 

Main Result: U(N)-QSP 
In 𝑈𝑈(𝑁𝑁)-QSP, there exists 𝑅𝑅0 ∈ 𝑈𝑈 𝑁𝑁 and projectors 
Π1,⋯ ,Π𝐿𝐿 such that the circuit implelements the 
transfrm:

𝑓𝑓00 𝑈𝑈 𝑓𝑓01(𝑈𝑈) ⋯ ∗
𝑓𝑓10(𝑈𝑈) 𝑓𝑓11(𝑈𝑈) ⋯ ∗
⋮ ⋮ ⋱ ⋮
∗ ∗ ⋯ ∗

if and only if:
• Each 𝑓𝑓𝑗𝑗𝑗𝑗 is a polynomial, deg(𝑓𝑓𝑗𝑗𝑗𝑗)≤#Calls to 𝑈𝑈;
• The matrix {𝑓𝑓𝑗𝑗𝑗𝑗(𝑧𝑧)} has singular value ≤ 1 for all 

|𝑧𝑧| = 1.



U(N)-QSP:

• 𝑈𝑈: Input signal
• 𝑅𝑅0: tunable 𝑛𝑛-qubit unitray
• Π1,⋯: Tunable projector:

CΠ U = Π⊗𝑈𝑈 + 𝐼𝐼 − Π ⊗ 𝐼𝐼

 Open Questions 
Can we…
• Find efficient classical algorithm to evaluate/compile 𝑅𝑅0,Π1,⋯?
• Solve more sensing / metrology problems with U(N)-QSP/QSVT?
• Use U(N)-QSP/QSVT as ansatz in variational quantum algorithms / state preparation?
• Design algorithms on hybrid qubit-oscillator systems with U(N)-QSP/QSVT?
• Construct circuits for general multi-variate QSP with U(N)-QSP/QSVT being a building block?

 Applications 

Combining with other means of manipulating 
block-encoded matrices, like linear combination 
and product, U(N)-QSP could provide new 
approach to general multi-variate QSP[Quantum 6, 

811 (2022)].

In U(2)-QSP/QSVT, one can only tune the circuit to
realize 1 desired polynomial.
E.g.: amplitude amplification realizes the Chebyshev
polynomial cos 𝜃𝜃 ↦ cos 2𝑘𝑘 + 1 𝜃𝜃 .

In U(N)-QSP/QSVT one can have control of
multiple polynomials simultaneously.

• 𝜃𝜃: Input signal
• The blue and orange gates are rotation gates around

two orthogonal axis (e.g. 𝑅𝑅𝑋𝑋 and 𝑅𝑅𝑍𝑍)



• 𝑈𝑈: Input signal
• 𝑅𝑅0,⋯ ,𝑅𝑅𝐿𝐿: Arbitrary single-qubit operations

Optimal Quantum Amplitude Estimation:
Estimate 𝑥𝑥 = Π|𝜓𝜓⟩ 2 with optimized 
number of state preparation oracle of |𝜓𝜓⟩.

 U(N)-QSVT 
(Quantum Singular Value Transformation)

(Quantum Signal Processing)

• 𝑈𝑈 = 𝐴𝐴 ∗
∗ ∗ : Block encoding of the input signal 𝐴𝐴

• 𝑉𝑉0,⋯ ,𝑉𝑉𝐿𝐿: Tuanble U(N) operators
• Output: block encoding of multiple sigular-value 

polynomial transformations
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